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Problems with n-gram LMs

Estimation

> number of parameters grows exponentially in n

O(v™)

> Zipf's law tells us most words will be extremely rare
n-grams are even sparser

What can we do beyond smoothing and interpolation?
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Problems with n-gram LMs

Estimation

> number of parameters grows exponentially in n

O(v™)

> Zipf's law tells us most words will be extremely rare
n-grams are even sparser

What can we do beyond smoothing and interpolation?
Design better models! :D
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NLMI

Parts of speech
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Generalisations in language

We can organise words into classes

» semantic criteria: what does the word refer to?
nouns often refer to ‘people’, ‘places’ or ‘things'’

» formal criteria: what form does the word have?
-ly makes an adverb out of an adjective
-tion makes a noun out of a verb

» distributional criteria: in what contexts can the word occur?
adjectives precede nouns

Adapted from S. Goldwater, S. Cohen, T. Deoskar
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Criteria for

classifying words

Semantically Formally Distributionally
Nouns refer to things, -ness, -tion, After determiners,
concepts -ity, -ance possessives
Verbs refer to actions, -ate, -ize infinitives: to jump,
states to learn
Adjectives | properties of nouns -al, -ble appear before nouns
Adverbs properties of actions -ly next to verbs, beginning of

Wilker Aziz
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Importance of formal and distributional criteria

Often in text, we come across unknown words
And, as in uffish thought he stood,
The Jabberwock, with eyes of flame,

Came whiffling through the tulgey wood,
And burbled as it came!

Formal and distributional criteria help one recognise which class an
unknown word belongs to:

Those zorls you splarded were malgy
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Parts of Speech

» Open class words (or content words)
» nouns, verbs, adjectives, adverbs
» mostly content-bearing
they refer to objects, actions, and features in the world
» open class, since there is no limit to what these words are
new ones are added all the time (email, website, selfie)

» Closed class words (or function words)
» pronouns, determiners, prepositions, connectives, ...

» there is a limited number of these
» mostly functional: to tie the concepts of a sentence together

Adapted from T. Deoskar
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But how many parts of speech

» Both linguistic and practical considerations
» Corpus annotators decide. Distinguish between

» proper nouns (names) and common nouns ?
» past and present tense verbs?
» auxiliary and main verbs?
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English POS tag sets

Brown corpus (87 tags)
» one of the earliest large corpora collected for computational
linguistics (1960s)
» balanced corpus: different genres (fiction, news, academic,
editorial, etc)

Penn Treebank corpus (45 tags)

> first large corpus annotated with POS and full syntactic trees
(1992)

» possibly the most-used corpus in NLP
» originally, just text from the Wall Street Journal (WSJ)
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Universal POS tags

» Simplify the set of tags to lowest common denominator across
languages

> Map existing annotations onto universal tags

VBD, VBN, VB, VBG, VBP — VERB

» Allows interoperability of systems across languages

» Promoted by Google and others
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Universal POS tags

NOUN (nouns)

VERB (verbs)

ADJ (adjectives)

ADV (adverbs)

PRON (pronouns)

DET (determiners and articles)

ADP (prepositions and postpositions)
NUM (numerals)

CONJ (conjunctions)

PRT (particles)

7.7 (punctuation marks)

X (anything else, such as abbreviations or foreign words)
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Example of POS tagged data

The/DT grand/JJ jury /NN commented /\VVBD on /IN a/DT number /NN
of /IN other /JJ topics /NNS . /.

There/EX was/VBD still /JJ lemonade /NN in/IN the /DT bottle /NN . /.
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NLMI

Hidden Markov Models
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How does any of that help modelling language?

Linguistic generalisation abstracts away from surface form

» knowing X; took on an adjective should increase the chance
that X, takes on a noun

» regardless of the adjective and of the noun
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,m}

» how many parameters to represent Pyp?
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,m}

» how many parameters to represent P4p? O(n x m)
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,

» how many parameters to represent P4p? O(n x m)

We can make A and B conditionally independent given C

Psp(a,b) = ZPABCabc)
oo
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,m}

» how many parameters to represent P4p? O(n x m)

We can make A and B conditionally independent given C
Psp(a,b) = ZPABCabc)
& W

= ZPC ¢)Pypic(a,ble)
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,m}

» how many parameters to represent P4p? O(n x m)

We can make A and B conditionally independent given C

Psp(a,b) = ZPABCabc)
oo

= ZPC ¢)Pypic(a,ble)

= Z Pc(C)PA|C(CL|C)PB\C(b|C)

c=1
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,m}

» how many parameters to represent P4p? O(n x m)

We can make A and B conditionally independent given C

Psp(a,b) = ZPABCabc)
oo

= ZPC ¢)Pypic(a,ble)

= Z Pc(C)PA|C(G|C)PB\C(b|C)

and still marginally dependent

» with how many parameters?
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Role of conditional independence

Suppose A and B take on values in {1,...,n} and {1,...,

» how many parameters to represent P4p? O(n x m)

We can make A and B conditionally independent given C

Psp(a,b) = ZPABCabc)
oo

= ZPC ¢)Pypic(a,ble)

= Z Pc(C)PA|C(G|C)PB\C(b|C)

and still marginally dependent
» with how many parameters? O(t +t X n+t x m)

Wilker Aziz NTMI 2020 - week 3
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERB on /ADP the/DET table/NOUN ./PUNC
Generative story

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERB on/ADP the/DET table/NOUN ./PUNC
Generative story

@
@

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

@ -

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

@ —fam )

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

G o) e
® @ ®

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

G o ) -
S0

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

®@@
© @ O ®

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

@@@
® @ ® @

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
Wilker Aziz NTMI 2020 - week 3

15



Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

) ow) ) o 6
faaa

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

G o) e o) 6 o
1ol

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

@@@@@
@r?

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

G o) ) ) 6 o) g
*1i

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

R

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

LLiiiL

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

1221111

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data: illustration

Joint observations
the /DET book /NOUN is/VERE on/ADP the/DET table /NOUN ./PUNC
Generative story

*191119%¢
ON =
Joint probablllty

P, (DET|BOS)Px ¢ (the|DET)

x Pc ., (NOUN|DET)Px ¢ (book|NOUN)
X

x Pcic, ., (PUNCINOUN)Px ¢ (.[PUNC)

x P ¢, (EOS|PUNC) Py (E0S|E0S)

We pad the tag sequence with a BOS symbol. We pad both sequences with a EOS symbol.
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Modelling POS-tagged data

Random variables
» X is a random word taking on values in X = {1,...,v}

» (' is a random tag taking on values in C = {1,...,t}

Wilker Aziz NTMI 2020 - week 3
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Modelling POS-tagged data

Random variables
» X is a random word taking on values in X = {1,...,v}
» (' is a random tag taking on values in C = {1,...,t}
Generative story
1. N~ Py
2. Fori=1,...,n

> Cilci1 ~ Pgc,.d,
> Xile; ~ Pxic ?‘

n
- @@
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Modelling POS-tagged data

Random variables
» X is a random word taking on values in X = {1,...,v}
» (' is a random tag taking on values in C = {1,...,t}
Generative story
1. N~ Py
2. Fori=1,...,n
> Cilci-1 ~ Peicye (e
> Xilei ~ Px|c
Parameterisation ?‘
>
C|Cprey = p ~ Cat AP ..., AP (=)
» Emission distribution -—

X|C =c~Cat(6\,...,09)
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Modelling POS-tagged data

Random variables
» X is a random word taking on values in X = {1,...,v}
» (' is a random tag taking on values in C = {1,...,t}
Generative story
1. N~ Py
2. Fori=1,...,n
> Cilcioy ~ Poc,., (e
> Xilei ~ Px|c
Parameterisation ?‘
>
C|Clhrey = p ~ Cat(AP . AP)) @‘
» Emission distribution -—
X|C =c~Cat(6\,...,09)

How many parameters?
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Modelling POS-tagged data

Random variables
» X is a random word taking on values in X = {1,...,v}
» (' is a random tag taking on values in C = {1,...,t}

Generative story

1. N ~ Py Aj
2. Fori=1,...,n |
> Cilci1 ~ Poicy, N

> Xilei ~ Px|c g
Parameterisation %

>

C|Clrey = p ~ Cat(AP . AP)) q>
» Emission distribution N L

X|C =c~Cat(6\,...,09)
How many parameters? O(t? + tv)
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Maximum likelihood estimation for labelled data
Suppose a data set of m observations

m
(k) (k) (k) (k)
(w17, my ) ey e))
sentence tag sequence h—1

MLE solution
» Transition distribution
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Maximum likelihood estimation for labelled data
Suppose a data set of m observations

m

@il )

geeey nk » Cne

sentence k=1

MLE solution
» Transition distribution

k
)\(/)) Zk 1 E’L 1[[) = C'E )1 /\ = Cg )] — Countcprevc(p7 )
Py Zi:l[p =ci-1] countc,,,, (»)
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Maximum likelihood estimation for labelled data
Suppose a data set of m observations

@il )

geeey nk » Cne

sentence k=1

MLE solution
» Transition distribution

k
- SRS =ah Ac=dY] countguo(p,)

Py Zi:l[p =ci-1] countc,,,, (»)

» Emission distribution
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Maximum likelihood estimation for labelled data
Suppose a data set of m observations

k k
L ) e ()
sentence k=1
MLE solution
» Transition distribution
k
)\(/)) Zk 1 E’L 1[1) = C’E )1 /\ = Cg )] — Countcprevc(p7 )
» Emission distribution
k k
g0 _ SEa Tl =" Ar=a") _ countex(c,7)
! St L[ = ¢l countc(c)
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NLMI

Evaluation

Wilker Aziz
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Evaluate HMM POS model

Extrinsically given labelled test set
P> compare best possible tag sequence to tagged test set

P accuracy of tag prediction
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Best tag sequence

Given a sentence, we want the most likely tag sequence

argmax P(cf|z)
cr

Wilker Aziz NTMI 2020 - week 3
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Best tag sequence

Given a sentence, we want the most likely tag sequence

argmax P(cf|z)
T

posterior
1
xy, cf " -
= argmax I(Dl’nl) conditional probability
et (z7)
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Best tag sequence

Given a sentence, we want the most likely tag sequence

argmax P(cf|z)

posterior
o
P(x}, ct . s
= argmax M conditional probability
o P(z7)
1
= argmax P(z7,cT) proportionality
v
Wilker Aziz
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Best tag sequence

Given a sentence, we want the most likely tag sequence

argmax P(cf|z)

posterior
cf
P(at, cf . .
= argmax Plat, of) conditional probability
T Pa)
T 1
= argmax P(z7,cT) proportionality
cf
n
= argmax H Pe|Cpe, (Cilci-1) Px o (il ci) factorisation
=1
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Best tag sequence
Given a sentence, we want the most likely tag sequence

argmax P(c}|xY) posterior

cr

P(x%,c}) y .

—_— conditional probabilit
P(x7) P d

= argmax
Cn
1

= argmax P(z7,cT) proportionality

cf
n
= argmax H Pe|Cpe, (Cilci-1) Px o (il ci) factorisation
=1

n
= argmax H )\gfifl)ﬁécj) Categorical pmf
=1
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Best tag sequence

Given a sentence, we want the most likely tag sequence

argmax P(cf|z) posterior
cf
P(at, cf . .
= argmax Plat, of) conditional probability
o Py
1
= argmax P(z7,cT) proportionality
cf
n
= argmax H Pe|Cpe, (Cilci-1) Px o (il ci) factorisation
=1
n
= argmax H )\gfifl)ﬁécj) Categorical pmf
=1
n
= argmax Z log )\gi*) + log (93(5?') monotonicity
r i=1
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

Co Ci Cy C3 Cy | P(at,cln)

Wilker Aziz NTMI 2020 - week 3
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

Co Cp Cy C3 C4 | P(x},ctn)
BoS 1 1 1 EoS
BoS 1 1 2 EoS
BoS 1 2 1 EoS
Bos 1 2 2 EoS
BoS 2 1 1 EoS
BoS 2 1 2 EoS
BoS 2 2 1 EoS
BoS 2 2 2 EoS
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

Co Cp Cy C3 C4 | P(x},ctn)

BoS 1 1 1 EoS | A x 6% x AN x o) x AAL » A x 080
Bos 1 1 2 EoS | A”x 6l s Al x o) x Ao x AP x ol
BoS 1 2 1 EoS

Bos 1 2 2 EoS

BoS 2 1 1 EoS

BoS 2 1 2 EoS

BoS 2 2 1 EoS

BoS 2 2 2 EoS
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

C() 01 CQ Cg C4 P(x?, c?|n)

BoS 1 1 1 BoS | AYxel) x Al x6ll) x AaL s AW gl
BoS 1 1 2 EoS | A% x6ll < AN xall) x AP s AP < oLl
BoS 1 2 1 EoS|...

BoS 1 2 2 EoS

BoS 2 1 1 EoS

BoS 2 1 2 EoS

BoS 2 2 1 EoS

BoS 2 2 2 EoS

Strategy: enumerate analyses, score them, sort them, pick the best
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

Co Cp Cy C3 C4 | P(x},ctn)

BoS 1 1 1 EoS | A x 6% x AN x o) x AAL » A x 080
Bos 1 1 2 EoS | A”x 6l s Al x o) x Ao x AP x ol
BoS 1 2 1 EoS | ...

Bos 1 2 2 EoS

BoS 2 1 1 EoS

BoS 2 1 2 EoS

BoS 2 2 1 EoS

BoS 2 2 2 EoS

Strategy: enumerate analyses, score them, sort them, pick the best
Is there a problem here?
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Space of analyses

Example:
observation z3 o (E0S)
tagset {1,2} U {0,4} for BOS and EOS respectively

C() 01 CQ Cg C4 P(x?, c?|n)

BoS 1 1 1 BoS | AYxel) x Al x6ll) x AaL s AW gl
BoS 1 1 2 EoS | A% x6ll < AN xall) x AP s AP < oLl
BoS 1 2 1 EoS | ...

Bos 1 2 2 EoS

BoS 2 1 1 EoS

BoS 2 1 2 EoS

BoS 2 2 1 EoS

BoS 2 2 2 EoS

Strategy: enumerate analyses, score them, sort them, pick the best
Is there a problem here? Yes! There are O(t") analyses!
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Dynamic programming

There are O(t"™) possible tag sequences, but

» small changes only affect small parts of the scoring function
Co Ci Cy Cs Ci | Pt ctln)

Bos 1 1 1 EoS | A x 68 x AT 5 680 x ATV6T) x AT x a0,
BoS 1 1 2 EoS | A” x 6% s AM 508 x A% x A x 0L,
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Dynamic programming

There are O(t"™) possible tag sequences, but

» small changes only affect small parts of the scoring function
Co Ci Cy Cs Ci | Pt ctln)

Bos 1 1 1 EoS | A x 68 x AT 5 680 x ATV6T) x AT x a0,
BoS 1 1 2  EoS )\§0) X 99(511) X )\gl) X 9%) X )\51)933) X )\f) X Hgé)s
» divide and conquer: identify independent subproblems and

reuse partial solutions
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Pack solutions in a directed graph

Example: observation x3  tagset {1,2}

initial
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Pack solutions in a directed graph

Example: observation x3

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A gl
0121 _— 6221

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A gl
0121 _— 6221

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

1 1
A gl

cg=1 —— > c2 =

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A gl A gl
0121 _— 6221 _— 63:1

initial

Wilker Aziz NTMI 2020 - week 3

23



Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

initial

Wilker Aziz NTMI 2020 - week 3 23



Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A0 5 gl AD gD
ci=1 —m > g =1 —— > ¢c3=1

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A0 5 gl AD gD
ci=1 —m > g =1 —— > ¢c3=1

initial
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

)\(‘)Xea(m) )‘(I)Xea(v_g)
ci=1—> cg=1 ——> c3=1
ez
+
& &y
™ &
initial final
O
A,
+

Compact representation:
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

)\(‘)Xea(m) )‘(I)Xea(v_g)
ci=1—> cg=1 ——> c3=1
ez
+
o,
™ &
initial final
O
A,
+

Compact representation: O(n x t) nodes and O(n x t?) edges
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Pack solutions in a directed graph

Example: observation 23  tagset {1,2}

A 5 g A & )
ci=1 —m > g =1 —— > ¢c3=1
x4 4 —é@
+
o,
&7
initial final
e W,
5 A
+ Nt
e, > PN Q’%
<z - -~ >~

)\(2) X 9;2) )\(3) X 953)
cg=2 ——> g =2 ——> c3 =2

Compact representation: O(n x t) nodes and O(n x t?) edges
Best sequence: path with highest probability
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Viterbi algorithm

Enumeration is intractable:

Dynamic programming L Recursion JHS numerically convenient to compute log « instead!
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https://en.wikipedia.org/wiki/Dynamic_programming
https://en.wikipedia.org/wiki/Recursion

Viterbi algorithm

Enumeration is intractable: O(t") paths

Dynamic programming L Recursion JHS numerically convenient to compute log « instead!
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https://en.wikipedia.org/wiki/Dynamic_programming
https://en.wikipedia.org/wiki/Recursion

Viterbi algorithm
Enumeration is intractable: O(t") paths
» but the scoring function factorises

Dynamic programming Recursion JH numerically convenient to compute log « instead!
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https://en.wikipedia.org/wiki/Dynamic_programming
https://en.wikipedia.org/wiki/Recursion

Viterbi algorithm
Enumeration is intractable: O(¢") paths
» but the scoring function factorises

Dynamic programming
> identify optimal substructure and overlapping subproblems

» the ith decision only affects the score of the (i 4 1)th decision
or conversely, the ith decision is only a function of the
(¢ — 1)th decision

It's numerically convenient to compute log v instead!
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Viterbi algorithm
Enumeration is intractable: O(¢") paths
» but the scoring function factorises

Dynamic programming
> identify optimal substructure and overlapping subproblems

» the ith decision only affects the score of the (i 4 1)th decision
or conversely, the ith decision is only a function of the
(¢ — 1)th decision

Viterbi recursion

1 ifi=20
a(i,g) = . ~ .
(.9) max (i — 1,p)>\§p)9g) otherwise
pe{l,...,t} ¢
a(i, 7) is the maximum value of any sequence (C,...,C; = j)
It's numerically convenient to compute log « instead!
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initial max

We want to know the maximum of the joint distribution



initial max

O <o

@32 X )\(2) X 0(4)

> max(asz ;1 X Ay EoS)

The maximum complete assignment depends on the maximum for {c1,c2,c3 = 1) and {(c1, c2, c3 = 2)



X 9;‘3)
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max

initial

AP x ()

» max(a3,1 X )\A(Ll) X el(Ei)S’a&? X )\512) X Géi)s)
> a3,1 = max(agJ X )\(‘i) X 9;;) a2 2 X )\(f) X 95‘3))

Similarly, the maximum for (c1, c2,c3 = 1) depends on (c1,co = 1) and (c1,co = 2)



initial max

AP x 9l AP x ol

> max(asz1 X )‘4(11) x eéi)s:CYS,Z X )‘4(12) X géi)s)

> a3 = max(a2,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))

> ap 1 =max(oi,1 X )\(‘1) X 9;‘;,0(1,2 X )\(f) X 9;92))

Again, the maximum for (c1,co = 1) depends on (c1 = 1) and {c1 = 2)



ag max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
a3l = max(a2,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))

a1 = max(aq,1 X )\(‘1) X 9;‘;,0(1,2 X )\(f) X 9;92))

vV v v Vv

1,1 ap X /\<‘()) X 056'1)

Finally, the maximum for (c1 = 1) depends on tagging =1 with c1 = 1 from the initial state



vVvy V VY

max

AP () AP x o)

max (3,1 X )‘4(11) x eéi)s:QS,Z X )‘f) x eéi)s)

a3,1 = max(ag,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,313))
a1 = max(aq,1 X )\(‘1) X 9;‘;,01,2 X )\(f) X 9;92))
a1,1 = o X /\(‘()) X 056'1)

apg =1

Which by convention has probability 1



vVvy V VY

max

AP () AP x o)

max (3,1 X )‘4(11) x eéi)s:QS,Z X )‘f) x eéi)s)

a3,1 = max(ag,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,313))
a1 = max(aq,1 X )\(‘1) X 9;‘;,01,2 X )\(f) X 9;92))
a1,1 = o X /\(‘()) X 056'1)

apg =1

We backtrack with the value 1



vVvy V VY

max

AP () AP x o)

max (3,1 X )‘4(11) x eéi)s:QS,Z X )‘f) x eéi)s)

a3,1 = max(ag,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,313))
a1 = max(aq,1 X )\(‘1) X 9;‘;,01,2 X )\(f) X 9;92))
a1,1 = o X /\(‘()) X 056'1)

apg =1

And obtain the maximum for (c; = 1)



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
a3,1 = max(ag,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))
a1 = max(aq,1 X )\(‘1) X 9;‘;,0(1,2 X )\(f) X 9;92))

a1,1 = o X /\<‘()) X 056'1)

vVvy V VY

apg =1

Again we backtrack substituting the value just computed



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
a3l = max(a2,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))
a1 = max(aq,1 X )\(‘1) X 9;‘;,0(1,2 X )\(f) X 9;92))
a1,1 = o X /\<‘()) X 056'1)

apg =1

vV Vv V VY

a1,2 = o X )\g“) X 9;11)

And proceed to compute the maximum for {(c; = 2) — note that we already know ag



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
a3l = max(a2,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = o X /\<‘()) X 056'1)

apg =1

vV Vv V VY

a1,2 = o X )\g“) X 9;11)

We backtrack substituting the value just computed



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
a3l = max(a2,1 X Aﬁl) X 0;?,(12,2 X AEE) X 03(,3;))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = o X /\<‘()) X 056'1)

apg =1

vV Vv V VY

a1,2 = o X )\g“) X 9;11)

And now that all relevant quantities are known, we can compute the maximum for (c1,co = 1)



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
s = mi(azs x A x 60 a5 x A x 6))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = o X /\<‘()) X 056'1)

apg =1

vV Vv V VY

a1,2 = o X )\g“) X 9;11)

Again we backtrack substituting the value just computed



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max (a3, X )\il) X 9(4) EoS)

EoS’
az = max(ag,1 x A x 08) a0 5 x A x 0L))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))

a1,1 = o X /\<‘()) X 056'1)

a1,2 = o X )\g“) X 9;11)

vV VY VYV VvV VY

a2 = max(ai,1 X )\Sl) X 09([;),(1172 X )\Sz) X Hn([;))

And proceed to compute the maximum for {c1, co = 2). In this case, all relevant quantities are known



max

AP () AP x o)

max (3,1 X )‘4(11) x eéi)s:CYS,Z X )‘4(12) x géi)s)

3,1 = max(az,1 X Aﬁl) X 03(,3?,(1272 X )\(f) X 0393))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = oo X /\<‘()) X OSCII)

apg =1

a1,2 = o X )\g“) X 9;11)

vV VY VYV VvV VY

a2 = max(a171 X )\Sl) X 09([;),01172 X )\52) X Hn([;))

Thus we backtrack substituting the relevant maximum



max

AP () AP x o)

max (3,1 X )‘4(11) x eéi)s:QS,Z X )‘f) x eéi)s)

3,1 = max(az,1 X Aﬁl) X 03(,3?,11272 X )\(f) X 93(313))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = oo X /\(‘()) X OSCII)

apg =1

a1,2 = o X )\g“) X 9;_;)

vV VY VYV VvV VY

a2 = max(a171 X )\Sl) X 0&;),01172 X )\52) X Hn([;))

And obtain the maximum for {c1,c2,c3 = 1)



vV VY VYV VvV VY

max

AP () AP x o)

max (3,1 X )\4(11) X eéi)s:CYS,Z X )‘4(12) x géi)s)

3,1 = max(az,1 X Aﬁl) X 03(,3?,(1272 X )\(f) X 0393))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = oo X /\<‘()) X OSCII)

apg =1

a1,2 = o X )\g“) X 9;11)

a2 = max(a171 X )\Sl) X 09([;),01172 X )\52) X Hn([;))

We backtrack with that value



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max(ag,1 X )\il) X 9(4) EoS)

EoS’
ag,;1 = max(a271 X Aﬁl) X 0;?,01272 X )\(f) X 0;?)
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))

a1,1 = o X /\<‘()) X 056'1)

a1,2 = o X )\g“) X 9;11)

a2 = max(ai,1 X )\Sl) X 09([;),(1172 X )\Sz) X Hn([;))

vV V. Y VYV V VY

3,2 = max(ag,1 X )\,(7,\) X 93(1.?,(1272 X )\Sz) X 9:5:?)

And proceed to compute the maximum for (c1, co, cg = 2). Again, all necessary quantities are known.



max

AP () AP x o)

max (3,1 X )\4(11) X eéi)s:asﬂ X )‘4(12) x géi)s)

3,1 = max(az,1 X Aﬁl) X 03(,3?,(1272 X )\(f) X 0393))
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))
a1,1 = oo X /\<‘()) X OSCII)

apg =1

a1,2 = o X )\g“) X 9;11)

a2 = max(a171 X )\Sl) X 09([;),01172 X )\52) X Hn([;))

vV V. Y VYV V VY

3,2 = max(ag,1 X )\,(7,\) X 93(1.?,(1272 X )\Sz) X 9:5:?)

We backtrack the maximum



max

AP () AP x o)

max(a3,1 X )‘4(11) x gl(zi)S:a&Q x )‘4(12) X géi)s)

ag,1 = max(az,1 x A x 08), az0 x AP x 08))
as1 =max(ar,1 x A x08) 10 x AP x 6l))
arg =aop x A x 68

ap =1

a1,2 = o X )\g“) X 9;11)

a2 = max(a171 X )\Sl) X 09([;),01172 X )\52) X Hn([;))

vV V. Y VYV V VY

3,2 = max(ag,1 X )\,(7,\) X 93(1.?,(1272 X )\Sz) X 9:5:?)

And have the overall maximum!



max

AP () AP x o)

a3,2 X )\f) X 9(4)

max(ag,1 X )\il) X 9(4) EoS)

EoS’
ag,;1 = max(a271 X Aﬁl) X 0;?,01272 X )\(f) X 0;?)
a1 = max(aq,1 X )\(‘1) X 9;‘;,@172 X )\(f) X 9;92))

a1,1 = o X /\<‘()) X 056'1)

a1,2 = o X )\g“) X 9;11)

a2 = max(ai,1 X )\Sl) X 09([;),(1172 X )\Sz) X Hn([;))

vV V. Y VYV V VY

3,2 = max(ag,1 X )\,(7,\) X 93(1.?,(1272 X )\Sz) X 9:5:?)

Finding an argmax is a simple matter of traversing in reverse direction tracking the best path.



Viterbi implementation
Viterbi recursion
‘ 1 ifi =0
i) =9 max a(i— 1,[)))\(”)9:(01,) otherwise

pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve «(i, ) and store its value in cell V[i, j]
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o)) =9\ max a(i— 1,1)))\(”)9:(01,) otherwise

pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve «(i, ) and store its value in cell V[i, j]

Complexity

» space:
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pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t
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Complexity
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Viterbi implementation

Viterbi recursion

1 ifi=20

a(i, ) = max (i — 1,[;))\(”)9:(6,) otherwise
pe{l,...,t} !

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve «(i, ) and store its value in cell V[i, j]

Complexity
» space: O(n x t) cellsinV

> time:
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Viterbi implementation

Viterbi recursion

1 ifi=20

(i, ]) = max (i — 1,1)))\(”)9:(6,) otherwise
pe{l,...,t} !

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve «(i, ) and store its value in cell V[i, j]

Complexity
» space: O(n x t) cellsinV

> time: there are O(n x t) calls to (i, j)
each requires solving a max over t pre-computed values
thus O(n x t7)
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Evaluate our HMM language model

Intrinsically no need for POS tag sequences
P test set perplexity
> perplexity requires computing Py, (77|n)
by marginalising over tag sequences
> what's the complexity?
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Probability of a sentence

Ps(x1') = Pn(n)Pxpn(27|n)
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Probability of a sentence

Ps(x1') = Pn(n)Pxpn(27|n)

t t
= Pn(n) Z Z Pxpep(ar,cr|n)

c1=1 cn=1
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Probability of a sentence

Ps(x1') = Pn(n)Pxpn(27|n)

t t
= Pn(n) Z Z Pxpep(ar,cr|n)

c1=1 cn=1
t t n
=Pv) Y Y [ Proicpe (@i cileinn)
c1=1 cp=11i=1
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Probability of a sentence

Ps(x1') = Pn(n)Pxpn(27|n)

t t
= Pn(n) Z Z Pxpep(ar,cr|n)

c1=1 cn=1
t t n
=Pu(m) Y > [ Proicpe @i cilein)
c1=1 cp=11i=1
t t n
= Pn(n) Z Z HP(“””’ (cileim1) Px o (zilci)
c1=1 cp=11=1
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Probability of a sentence ()

Pgn(z7|n) = ant1(E0S)
ai>1(c) = Px|c(wi|c) Z ai-1(ci-1) X P, (clei-1)

ai(ec) = PX|C(x1\C)P (c|BoS)

where we conveniently pad the sequences with
» (o =DBoS and C,,41 = EOS
> X, =BoS and X1 = E0OS

For complete derivation see
> or
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Forward algorithm

Forward recursion

08 x A ifi =1
a(i,)) = 6?9(61.) X Z ai — 1,1)))\(”) otherwise
pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve a(i, ) and store its value in cell M[é, 5]

Wilker Aziz NTMI 2020 - week 3 30



Forward algorithm

Forward recursion

08 x A ifi =1
a(i,)) = 6?9(61.) X Z ai — 1,1)))\(”) otherwise
pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve a(i, ) and store its value in cell M[é, 5]

Complexity

» space:

Wilker Aziz NTMI 2020 - week 3 30



Forward algorithm

Forward recursion

08 x A ifi =1
a(i,)) = 6?9(61.) X Z ai — 1,1)))\(”) otherwise
pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve a(i, ) and store its value in cell M[é, 5]

Complexity
» space: O(n x t) cellsin M

Wilker Aziz NTMI 2020 - week 3 30



Forward algorithm

Forward recursion

08 x A ifi =1
a(i,)) = 6?9(61.) X Z ai — 1,1)))\(”) otherwise
pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve a(i, ) and store its value in cell M[é, 5]

Complexity
» space: O(n x t) cellsin M

» time:

Wilker Aziz NTMI 2020 - week 3 30



Forward algorithm

Forward recursion

08 x A ifi =1
a(i,]) = q o8 x > oali- 1,)AY) otherwise
pe{l,...,t}

Implementation without recursion:
> fori=1,...,n
> forj=1,...,t

> solve a(i, ) and store its value in cell M[é, 5]

Complexity
» space: O(n x t) cellsin M

» time: there are O(n x t) calls to (i, j)
each requires solving a > over t pre-computed values
thus O(n x t7)
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